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a b s t r a c t
A two-fold pentagon system is a decomposition of the complete 2-multigraph (every two
distinct vertices joined by two edges) into pentagons. A two-fold Steiner pentagon system
is a two-fold pentagon system such that every pair of distinct vertices is joined by a path of
length two in exactly two pentagons of the system.We consider two-fold Steiner pentagon
systems with an additional property : for any two vertices, the two paths of length two
joining them are distinct. We determine completely the spectrum for such systems, and
point out an application of such systems to certain 4-cycle systems.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
A pentagon system [a two-fold pentagon system, respectively] of order v is a pair (V ,P ) where V is a v-set and P is a
collection of pentagons with vertices in V such that every edge of the complete graph Kv [of the complete 2-multigraph 2Kv ,
respectively] on V is contained in exactly one pentagon [in exactly two pentagons, respectively] of P . It was shown by the
second author in 1966 [9] that a pentagon system of order v exists if and only if v ≡ 1 or 5 (mod 10), and by the second
author and Huang in 1975 [10] that a two-fold pentagon system exists if and only if v ≡ 0 or 1 (mod 5).
A Steiner pentagon system (SPS) [a two-fold Steiner pentagon system (TSPS), respectively] of order v is a pentagon system
[a two-fold pentagon system, respectively] with the additional property that every pair of distinct vertices is joined by a
path of length two in exactly one pentagon of the system [in exactly two pentagons of the system, respectively]. In 1984,
the first author and Stinson [7] proved that an SPS of order v exists if and only if v ≡ 1 or 5 (mod 10), v ≠ 15, and in 1986,
the authors proved [6] that a TSPS of order v exists if and only if v ≡ 0 or 1 (mod 5).
Suppose (V ,P ) is a TSPS(v), and suppose that for two vertices x, y the two paths of length two joining x and y are
(x, axy, y) and (x, bxy, y). Call a TSPS(v) extra if for any two distinct vertices x, y ∈ V , axy ≠ bxy, i.e., the two ‘middle’ vertices
axy, bxy are also distinct, in other words, the two 2-paths joining x, y in the pentagons of the TSPS must be distinct, so that
(x, axy, y, bxy) is a 4-cycle.
It is easily seen that not all TSPSs have this extra property. To start with, there exists no extra TSPS of order 5. At the same
time, a TSPS of order 5 without the extra property exists: just take each of the two pentagons of the pentagon system of
order 5 twice. We will often write ETSPS for extra TSPS.
Given an ETSPS(v), (V ,P ), consider the collection of 4-cycles C = {(x, axy, y, bxy) : x, y ∈ V , x ≠ y}. It is easily seen
that (V ,C) is a 4-cycle system with λ = 4 (see Section 6 below for a proof). Since for v ≡ 6, 10, 11, 15 (mod 20), the index
λ = 4 for which a 4-cycle system of order v exists, is the smallest possible, this provides both, a new proof of the existence
of such 4-cycle systems, and a nice motivation for considering the extra property of two-fold Steiner pentagon systems. In
Sections 2–5, we determine completely the spectrum for ETSPSs.
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2. Extra two-fold Steiner pentagon systems
We start with a simple lemma.
Lemma 2.1. There exists no ETSPS(5).
Proof. Let V = {1, 2, 3, 4, 5} and let (V ,P5) be an ETSPS(5). The set P5 consists of four pentagons, and assume w.l.o.g that
(1, 2, 3, 4, 5) ∈ P5. Since none of the paths (1, 2, 3), (2, 3, 4), (3, 4, 5), (4, 5, 1), (5, 1, 2) can occur in any of the remaining
three pentagons, this leaves only six candidates for inclusion into P5: (a) (1, 2, 4, 5, 3), (b) (1, 2, 5, 3, 4), (c) (1, 3, 2, 5, 4),
(d) (1, 3, 5, 2, 4), (e) (1, 3, 4, 2, 5), (f) (1, 4, 2, 3, 5).
Only one of (a), (b) can be inP5 since both contain the edge {1, 2}, and similarly, only one of (e), (f) can be inP5 because
of the edge {1, 5}. If both (c), (d) were in P5 then neither of (a), (b), (e), (f) could be in P5, thus only one of (c), (d) can be in
P5. Both (a) and (d) contain the path (1, 3, 5), so only one of (a), (d) can be inP5. Both (b) and (d) contain the path (2, 5, 3),
so only one of (b), (d) can be in P5. It follows that if (d) were in P5 then neither of (a), (b), (c) could be in P5, and only one
of (e), (f) could be in P5, a contradiction. Thus (d) cannot be in P5. It follows that (c) must be in P5, thus neither (a) nor (f)
can be in P5 since in that case the edge {4, 5} and {2, 3}, respectively, would occur in three pentagons. Thus P5 consists
of (1, 2, 3, 4, 5), (b) = (1, 2, 5, 3, 4), (c) = (1, 3, 2, 5, 4), and (e) (1, 3, 4, 2, 5), a final contradiction, since the edge {3, 4}
occurs now in three pentagons. 
Example 2.2. An ETSPS(6).
ConsiderV = {1, 2, 3, 4, 5, 6}, and the six pentagons (1, 5, 3, 6, 4), (1, 4, 5, 2, 6), (1, 2, 3, 4, 6), (1, 5, 4, 2, 3), (1, 2, 6, 5, 3),
(2, 5, 6, 3, 4). The verification of the extra property is straightforward.
Remark. The above ETSPS(6) has the following curious property: if one of the pentagons contains the 2-path (a, b, c) then
there are two other pentagons containing the 2-paths (b, a, c) and (b, c, a), respectively. If we take for every such triple of
2-paths (a, b, c), (b, a, c), (b, c, a) a block {a, b, c}, we obtain a BIBD (6, 10, 5, 3, 2)!
Example 2.3. An ETSPS(10).
Let V = Z9 ∪ {∞}, and let P consist of pentagons (i, i+ 1, i+ 7, i+ 5, i+ 4), (∞, i+ 3, i, i+ 4, i+ 2) (mod 9).
For a verification of the extra property it suffices to check the 2-paths between the pairs x, y where either one of x, y
equals∞ or δ(x, y) ∈ {1, 2, 3, 4} (where δ(x, y) = min(|x− y|, 9− |x− y|)).
vertices x, y middle vertices a, b
∞, i i+ 3, i+ 7
i, i+ 1 ∞, i+ 6
i, i+ 2 i+ 3, i+ 4
i, i+ 3 i+ 1, i+ 8
i, i+ 4 i+ 6, i+ 8. 
3. Supersimple (v, 5, 2)-BIBDs and ETSPS(v)s
A (v, 5, 2)-BIBD is a block design with v elements, with blocks of size 5 and λ = 2, i.e. each pair of distinct elements
is contained in exactly two blocks. It was shown by Hanani [4] that a (v, 5, 2)-BIBD exists if and only if v ≡ 1 or
5 (mod 10), v ≠ 15. A (v, 5, 2)-BIBD is simple if it contains no repeated blocks, and is supersimple if any two blocks have
at most two elements in common. A recent paper [1] has completed the determination of the spectrum for supersimple
(v, 5, 2)-BIBDs.
Theorem 3.1 ([1]). There exists a supersimple (v, 5, 2)-BIBD if and only if v ≡ 1 or 5 (mod 10), v ≠ 5, 15.
The connection between supersimple (v, 5, 2)-BIBDs and ETSPS(v)s is given in the following theorem.
Theorem 3.2. If there exists a supersimple (v, 5, 2)-BIBD then there exists an ETSPS(v).
Proof. Let (V ,B) be a supersimple (v, 5, 2)-BIBD. Replace each block B ∈ B with a pentagon P on the vertices of B and its
complementary pentagon P¯ . The resulting collection of pentagonsP has the property that each pair of non-complementary
pentagons have at most two vertices in common. Clearly, (V ,P ) is a TPS(v). For a pair of vertices x, y ∈ V , let B′, B′′ be the
two blocks ofB containing both x and y. If P, P¯ are the two pentagons obtained from B′ then x, y are adjacent in one of P, P¯ ,
and are joined by a path of length two in the other of P, P¯ , and similarly for B′′. Thus (V ,P ) is an TSPS(v). Finally, assume
that the extra property is violated by a pair of vertices, say u, v. That is, for the two 2-paths (u, a, v), (u, b, v) joining u and
v, we have a = b. But since these two 2-paths arise from pentagons created from two distinct blocks B1, B2 ofB, the blocks
B1, B2 have the three elements u, v, a in common, a contradiction with supersimplicity of (V ,B). 
Lemma 3.3. There exists an ETSPS(15).
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Proof. Let V = Z14 ∪ {∞}, and let the pentagons of P be (0, 2, 6, 4, 13), (0, 7, 1, 10, 13), (∞, 0, 4, 1, 9) (mod 14).
For the verification of the extra property, it suffices to check the 2-paths between the pairs x, y where either one of x, y
is∞, or δ(x, y) ∈ {1, 2, 3, 4, 5, 6, 7}.
vertices x, y middle vertices a, b
∞, i i+ 8, i+ 10
i, i+ 1 i+ 4, i+ 7
i, i+ 2 i+ 4, i+ 11
i, i+ 3 i+ 1, i+ 8
i, i+ 4 i+ 3, i+ 13
i, i+ 5 ∞, i+ 11
i, i+ 6 i+ 2, i+ 7
i, i+ 7 i+ 5, i+ 12. 
Theorem 3.4. Let v ≡ 1 or 5 (mod 10). There exists an ETSPS(v) if and only if v ≥ 6.
Proof. The nonexistence of ETSPS(5) is shown in Lemma 2.1. The existence of ETSPS(v) for all v ≡ 1, 5 (mod 10), v ≥ 6,
except for v = 15, follows from Theorems 3.1 and 3.2. Finally, an ETSPS(15) is given in Lemma 3.3. 
4. Extra TSPS(v) for v ≡ 6 (mod 10)
We start with a recursive construction.
Construction A. Let (Q , •) be a (necessarily idempotent) self-orthogonal quasigroup of order 2n + 1, and let (Q , ◦) be an
idempotent commutative quasigroup orthogonal to both (Q , •), and its transpose. Consider the set V = (Q × Z5) ∪ {∞},
|V | = 5(2n+ 1)+ 1 = 10n+ 6, and define the following collection P of pentagons on V .
For each x ∈ Q , put on the set ({x}×Z5)∪{∞} an ETSPS(6) (from Example 2.2) and letPv be the union of these pentagons.
For all x, y ∈ Q , x ≠ y, define the pentagons
P1xy = ((x, i), (y, i), (x • y, i+ 1), (x ◦ y, i+ 3), (y • x, i+ 1)), and
P2xy = ((x, i), (y, i), (x • y, i+ 3), (x ◦ y, i+ 4), (y • x, i+ 3)), i ∈ Z5,
P1 =

xy∈Q
P1xy, P2 =

xy∈Q
P2xy, P = P1

P2 ∪ Pv.
Theorem 4.1. The collection of pentagons P resulting from Construction A is such that (V ,P ) is an ETSPS (10n+ 6).
Proof. First of all, any two distinct elements are adjacent in exactly two pentagons. Indeed, if the two elements are
(x, i), (x, j), i ≠ j, or ∞ and (x, i), they occur twice in a sub-ETSPS(6). If the two elements are (x, i), (y, j) then if i = j,
the pair (x, i), (y, i) is adjacent once in P1xy and once in P2xy. If i ≠ j then the pair (x, i), (y, i + 1) is adjacent in P1ux where
u is the unique solution to u • x = y; since each such pair occurs in P1 at least once, it follows that it occurs in P1 exactly
once. The pair (x, i), (y, i + 2) also occurs in P1 exactly once since it is necessarily of the form (x • y, i), (x ◦ y, i + 2) or
(y • x, i), (x ◦ y, i+ 2); the orthogonality property of (Q , •) and (Q , ◦) ensures that no such pair can occur onP1 more than
once. Thus each pair (x, i), (y, j), i ≠ j occurs in P1 exactly once. A similar argument establishes that each pair (x, i), (y, j)
occurs inP2 exactly once. Thus (V ,P ) is a two-fold pentagon system TPS(v). Next we have to show that (V ,P ) is a Steiner
pentagon system, i.e. we have to show that any two distinct elements of V are joined by a path of length two in exactly two
pentagons ofP . Whenever the two elements are (x, i), (x, j), i ≠ j, or∞ and (x, i), this follows from the fact that they occur
together in a sub-ETSPS(6). Consider the pair (x, i), (y, i); for any ordered pair (x, y), x, y ∈ Q , there is a unique ordered pair,
say (a, b), such that x = b • a and y = a • b. Then the 2-path joining (x, i) and (y, i) inP1 is (b • a, i), (a ◦ b, i+ 2), (a • b, i).
Consider now the pair (x, i), (y, i + 1); there exists a unique z ∈ Q such that x • z = y. Then the 2-path joining (x, i) and
(y, i + 1) in P1 is ((x, i), (z, i), (y, i + 1)). Finally, consider the pair (x, i), (y, i + 2). For any ordered pair (x, y), x, y ∈ Q
there is a unique ordered pair (a ◦ b, a) such that x = a ◦ b, y = a. Then the 2-path joining (x, i) and (y, i + 2) in P1 is
((a ◦ b, i), (b • a, i+ 3), (a, i+ 2)). Thus each pair (x, i), (y, j) is joined by a path of length two inP1 exactly once. A similar
argument establishes that each pair (x, i), (y, j) is joined by a path of length two exactly once in P2 as well. The previous
arguments also show that no pair of elements can be joined by the same 2-path twice. 
Lemma 4.2. There exists an ETSPS(16).
Proof. Let V = Z16, and let P be the collection of pentagons (0, 15, 13, 3, 8), (0, 4, 10, 6, 9), (0, 15, 1, 8, 13) (mod 16). It
is easily verified that every difference in {1, 2, 3, 4, 5, 6, 7} occurs twice and the difference 8 occurs once between both,
the adjacent vertices in the pentagons of P , and between vertices at distance 2 in the pentagons of P . To verify the extra
property, it suffices to check the 2-paths between vertices x, y with δ(x, y) ∈ {1, 2, . . . , 8}, and because of the cyclic
property, just between the pairs 0, j, j = 1, . . . , 8. This is fairly straightforward, e.g. the middle vertices in the 2-paths
joining 0 and 1 are 13 and 15, in the 2-paths joining 0 and 2 are 3 and 6, and so on. Thus (V ,P ) is an ETSPS(16). 
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Theorem 4.3. Let v ≡ 6 (mod 10). Then there exists an ETSPS (v).
Proof. Let v ≡ 6 (mod 10), v ≥ 6. Since for all odd orders 2n+ 1 ≥ 5 there exists a self-orthogonal quasigroup having an
idempotent commutative quasigroup as an orthogonal mate ([3], III.5.7), Construction A applies, thus for all v ≥ 26 there
exists an ETSPS(v). An ETSPS(6) is given in Example 2.2, and an ETSPS(16) in Lemma 4.2. 
5. Extra TSPS(v) for v ≡ 0 (mod 10)
Consider the following recursive construction.
Construction B. Let (Q , •) be a self-orthogonal quasigroup of order 2nwith nholes of size 2, and let (Q , ◦) be a commutative
quasigroup with holes of size 2 orthogonal to both (Q , •) and its transpose; these exist provided 2n ≥ 10 ([CD], III.5.7).
LetH1,H2, . . . ,Hn be the n holes of size 2. On the set V = Q ×Z5, |V | = 10n, define the following collection of pentagons
P .
For each hole Hi, put on the set Hi × Z5 and ETSPS(10) (from Example 2.3), and letH be the union of these pentagons.
For all x, y ∈ Q , x ∈ Hi, y ∈ Hj, i ≠ j (that is, for x, y from different holes), define the pentagons
P1xy = ((x, i), (y, i), (x • y, i+ 1), (x ◦ y, i+ 3), (y • x, i+ 1)), and
P2xy = ((x, i), (y, i), (x • y, i+ 3), (x ◦ y, i+ 4), (y • x, i+ 3)).
P1 =

xy∈Q
P1xy, P2 =

xy∈Q
P2xy, P = P1

P2

H .
Theorem 5.1. The collection of pentagons P arising from Construction B is such that (V ,P ) is an ETSPS(10n).
Proof. If x and y belong to the same hole Hi, then any two elements (x, i), (y, j) belong to the same sub-ETSPS(10). The
remainder of the proof is exactly as in Theorem 4.1. 
Lemma 5.2. There exists an ETSPS(20).
Proof. Let V = Z19 ∪ {∞}. Let P be the collection of pentagons (0, 1, 4, 9, 13), (0, 5, 11, 3, 12), (0, 11, 2, 14, 17),
(∞, 0, 4, 6, 5)mod 19.
A verification that (V ,P ) is an ETSPS is straightforward, and is therefore omitted. 
Lemma 5.3. There exists an ETSPS(30).
Proof. Let (V10,P10) be a holey Steiner pentagon system of order 10 of type 25 with holes Hi, i = 1, 2, 3, 4, 5; this exists by
Abel et al. [2]. Let V = V10 × Z3, and let P be the following collection of pentagons on V .
For each i = 0, 1, 2, place a copy of (V10,P10) on V10 × {i}, and put these pentagons in P .
For each i = 1, 2, 3, 4, 5, put the pentagons of an ETSPS(6) (from Example 2.2) onHi×Z3. Let (V10, •) be a self-orthogonal
quasigroup of order 10 with five holes of size 2, and let (V10, ◦) be a commutative quasigroup of order 10 with holes of
size 2 orthogonal to (V10, •) and its transpose. For all x, y ∈ V10 where x, y are from different holes, define the pentagon
Pxy = ((x, i), (y, i), (x • y, i+ 1), (x ◦ y, i+ 2), (y • x, i+ 1)).
The resulting collection of pentagons is an ETSPS(30). 
Lemma 5.4 ([8]). There exists an ETSPS(40).
Proof. Let V = Z39 ∪ {∞}. Let P be the collection of pentagons (∞, 0, 1, 21, 2), (0, 1, 3, 24, 6), (0, 2, 5, 27, 11),
(0, 3, 7, 29, 14), (0, 4, 9, 35, 28), (0, 5, 29, 17, 9), (0, 6, 13, 23, 14), (0, 8, 21, 33, 10). Again, to verify that (V ,P ) is an
ESPS(40) is straightforward. 
Theorem 5.5. Let v ≡ 0 (mod 10). Then there exists an ETSPS(v).
Proof. Let v ≡ 0 (mod 10), v ≥ 50. Since for all orders 2n ≥ 10 there exists a self-orthogonal quasigroup of order 2nwith
n holes of size 2 having a commutative quasigroup of order 2n with holes of size 2 as an orthogonal mate ([3], III.5.7), we
can apply Construction B, thus for all v ≥ 50 there exist an ETSPS(v). An ETSPS(10) is given in Example 2.3, an ETSPS(20) in
Lemma 5.2, an ETSPS(30) in Lemma 5.3, and an ESTSPS(40) in Lemma 5.4. This completes the proof. 
We can summarize our results up to this point in the following theorem.
Theorem 5.6. An ETSPS(v) exists if and only if v ≡ 0 or 1 (mod 5), v ≠ 5.
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6. A motivating application
A 4-cycle system of order v and index λ is a decomposition of the completemultigraph λKv (i.e. a graph in which any two
distinct vertices are joined by λ edges) into 4-cycles. It is well known (see [10]) that a 4-cycle system of order v and index λ
existswhenever the trivial necessary conditions are satisfied, i.e. wheneverλv(v−1) ≡ 0 (mod 8), andλ(v−1) ≡ 0 (mod 2).
In particular, for v ≡ 0, 1(mod 5) (the necessary condition for the existence of a TPS(v)), a 4-cycle system of order v exists
for v ≡ 0, 1, 5, 16 (mod 20) and λ ≡ 0 (mod 2), and for v ≡ 6, 10, 11, 15 (mod 20) and λ ≡ 0 (mod 4).
Suppose (V ,P ) is an ETSPS(v), and let Qxy = (x, axy, y, bxy) be the 4-cycle where (x, axy, y) and (x, bxy, y) are the two
distinct 2-paths joining x and y in the pentagons of P .
Theorem 6.1. If (V ,P ) is an ETSPS(v) then (V ,Q), whereQ = {Qxy : x, y ∈ V , x ≠ y}, is a 4 -cycle system of index λ = 4.
Proof. Let (x, y, a, b, c), (x, y, d, e, f ) be the two pentagons of P containing the edge {x, y}. Let (x, u, y) and (x, w, y)
be the two 2-paths joining x and y in the pentagons of P . Then the edge {x, y} occurs in at least four 4-cycles:
(u, y, x, .), (u, x, y, .), (w, y, x, .), (w, x, y, .). Since the total number of 4-cycles equals

v
2

and each edge occurs in at least
four 4-cycles, it follows that it occurs in exactly four 4-cycles, thus (V ,Q) is a 4-cycle system of index λ = 4, as claimed. 
When v ≡ 6, 10, 11 or 15 (mod 20), the index λ = 4 is the smallest index for which a 4-cycle system of index λ may
exist [5]. So, ETSPSs yield an alternative construction for 4-cycle systems of minimum possible index for such orders. In any
case, we find the established connection between ETSPSs and 4-cycle systems intriguing.
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